Abstract-For accurate error estimation, a stereo reconstruction error analysis method for spatial circle is presented. The error estimation model is proposed based on error transfer analysis. The error expressions are derived in the processes of calibration, matching and reconstruction. Then, the reconstruction error estimation model of spatial circle is established. A method of estimating the reconstruction accuracy affected is presented based on calibration parameters disturbance model. Finally, the reconstruction experiment of designed circle targets is carried out, and the results show that the proposed error estimation model has a high accuracy, and it has a reference meaning for the design of stereo reconstruction system.
I. INTRODUCTION
Spatial circle is a typical geometric feature, which exists widely in various objects. Its 3D reconstruction theory is a hotspot in the field of computer vision and has been applied to camera calibration, pose estimation and geometric measurement.
Error is one of the evaluation criterion for 3D reconstruction system based on stereo vision. It is difficult to decrease error for the stereo vision, especially for spatial circle. Therefore, it is necessary to analyze spatial circle's reconstruction error for obtaining high accuracy. Since there are many disturbance factors in the stereo vision system, and some errors' affections cannot be analyzed by the statistics methods easily. To solve the above problem, we propose an estimation method for analyzing reconstruction errors for spatial circle.
In recent years, many researches on the reconstruction accuracy of stereo vision system have been studied. The influence of the structural parameters of the stereo vision system on the system accuracy is studied by several researchers [1] [2] [3] [4] , and the influence of calibration error on the accuracy of stereo vision system is studied [5] [6] . There are also some researchers that use other analytical methods to study the accuracy of vision systems. Harms, etc . [7] analyze how error propagates from noisy disparity data; Llorca, etc. [8] presented an error estimation method of a stereo vision-based pedestrian detection sensor; Tang, etc.
presented a grey incidence method for error analysis of binocular vision measurement system. These above analysis methods have the problem of uniform mathematical expression. There is a need to propose an error estimation model of stereo vision, especially for spatial circle. In this paper, the main objective is to present an analysis method which is introduced by the calibration parameters disturbance to provide a reference scheme for the spatial circle's stereo reconstruction. The proposed analysis method has a magnificence for the design of stereo vision system.
II. SYSTEM ERROR ANALYSIS

A. Error transfer analysis
Error is an important criterion to measure the reliability of results in reconstruction system. In this paper, the error of the spatial circle reconstruction is defined as: the distance between the center of the reconstructed spatial circle and the center of the ideal spatial circle, in the world coordinate system.
Based on the stereo vision principle, the reconstruction process includes three stages: calibration, matching and reconstruction. Therefore, the error factors which affect the accuracy of 3D reconstruction are divided into three categories (as shown in Figure. Error Transfer in 3D reconstruction system is shown as Figure 2 . The input to the calibration process is the calibration point position coordinates and the projection point extraction coordinates, and their errors pass to the camera's internal and external parameters, which results in calibration error. 978-1-5090-4364-4/16/$31.00 ©2016 IEEEperspective invariance, there is an error that the projection of its center does not coincide with the center of its projection, which results in spatial circle center extraction error. The spatial center extraction error thus passes to the output of the matching process, which results in matching error. In the reconstruction process, the calibration error and the matching error are input, and the reconstruction error is generated. 
B. Calibration error
The process of camera calibration is to optimize the camera's internal and external parameters by solving the projection equation. Based on the idea of calibration method [10] , the projection coordinates of the calibration points on image plane are extracted by the image processing method, and the implicit projection equations with the internal and external parameters of the camera are listed, and then the known spatial calibration points' coordinates and extracted projection coordinates are substituted into the equations.
Assuming that there are k images of calibration plate, the number of the calibration points on the calibration plate are q and the vector b represents the internal and external parameters of the binocular vision system, wherein the external parameters represent the transformation matrix parameters between the two camera coordinate systems and the world coordinate system respectively, i M represents the coordinates of the spatial calibration points in the world coordinate system, ω is the projection equation, and m i denotes the coordinates of the extracted calibration points in the image plane, and then the maximum likelihood estimation can be obtained by Levenberg-Marquardt algorithm to minimize the following formula:
The camera's internal and external parameters are calibrated by using the known 3D coordinates of the spatial calibration points and the 2D coordinates of the corresponding feature points on the projected image. The main sources of the calibration error are the error of the position coordinates of calibration points on the plate and the error of the extraction of calibration points on the image plane. The error of internal and external parameters of camera is defined as the calibration error and represented by () b  .
C. Matching error
Matching error is the error of finding matching points, and it depends on the specific matching method. The matching algorithm of the spatial circle directly matches its centers on the corresponding the stereo images. According to the analysis of error transfer, the matching error is determined by the error of the extraction of space center.
In the image pixel coordinate system, the spatial circle center extraction error can be regarded as the error of image coordinates, and denoted as c  , thus the expression of the matching error of the system m  is obtained:
Since the projection of the spatial circle center is not coincident with the center of its projection, there is a center extraction error c  . . Since the rotation angle around the Z 0 axis has no effect on the positioning of the spatial circle, it is taken as 0, and the other two rotation angles  and  can be calculated by the following formulas:
The rotation matrix of the plane of the circle in the camera coordinate system can be expressed as: cos sin sin sin cos ' 0 cos sin sin cos sin cos cos
The coordinates of any point on the spatial circle in the camera coordinate system can be expressed as: 
The physical coordinates   
It is known that the spatial circle projection is generally elliptical, and the general equation of the ellipse is set as: (7) is substituted to the equation (9) In an ellipse, the connecting line between two tangent points of which the tangent slopes are the same must be over the geometric center, and it is possible to determine the geometric center point 2 2 2 '( , ) O x y of the ellipse by two cases that there is no intersection of the tangent lines or the slope of tangent line is zero. This center point's coordinates can be calculated as follows: 
According to equation (8) and (10), it can be seen that the projection of the spatial circle center 1 
Through simultaneous equations (13-14), the formation is derived as: Figure 4 , the epipolars of left and right images are parallel mutually after rectifying. Assume that 1 1 1 ( , ) P u v is the projection of the space points w P in left image plane, and the matching points is denoted as 2 2 2 '( , ) P u v from right image, and 12 vv  . ' w P can be obtained after the reconstruction through 1 1 1 ( , ) P u v and 2 2 2 '( , ) P u v . Because of the existing m  , the relationship of the ideal matching points and the actual extracted matching points 2 2 2 '( , ) P u v could be approximated that the ideal matching points are within a matching error circle of which center is 2 2 2 '( , ) P u v and radius is m  . The ideal space points w P are reconstructed through 1 1 1 ( , ) P u v and the ideal matching points. In Figure 4 , w P represents the place where the error distance between the ideal space points and real reconstructed points is the maximum.
The left and right cameras have equal focal distance f and the number of pixels on the image plane unit distance s, and distance from the ideal space point to the image plane is l. Then the rm  can be calculated as:
III. SYSTEM ERROR MODEL
A. Calibration parameters disturbance model
The calibration error of the camera varies with the calibration process. For this random error which changes with the calibration method and the specific operation, it is difficult to directly derive the formulas for error analysis. The camera internal and external parameters obtained by the system calibration process are independent random variables, and they can be characterized by their covariance matrices. By error transfer analysis, it is known that calibration error () b  is mainly transmitted to the reconstruction error rb  generated by calibration error. The calibration error () b  is then considered to be a disturbance. The input of the perturbation to the equation (15) is used to analyze the effects of the error of the internal and external parameters on the reconstruction error rb  and final reconstruction error r  .
In equation (15), it is supposed that the disturbances of calibration parameters in the matrix A and B are respectively A  and B  , and these disturbances are very small. From the properties of the rank of the matrix, we have (
In equation (15), the only solution still exists after inputting the disturbances of the calibration parameters, which is UU  . The following equation is obtained：
Wherein, U  is the reconstruction error caused by the introduction of the calibration error. The high order small quantities are ignored to obtain the following equation：
Combined with equation (25), the equation is obtained:
Wherein, A  represents a pseudo-inverse matrix, and we have
As the camera's internal and external parameters are independent and random variables, the disturbance of the calibration parameters is in accordance with the Gaussian normal distribution. In order to avoid the impact of the distribution of the disturbance on the results, the calibration parameters disturbance A  、 B  are obtained by means of Gaussian distribution probability density function with zero mean.
To sum up, Equation (21) 
B. System error model
The error of the spatial circle stereo reconstruction system is defined as the distance between the center of the reconstructed circle and the center of the ideal circle in the set world coordinate system. It is unable to establish a system error model according to the definition of error, because it is difficult to determine the coordinates of the ideal spatial point directly. The reconstruction error is taken as the final systematic error, and then the system error estimation model is established.
According to the above analysis of various types of system errors, following the preceding symbols, equations (2) and (18) are substituted into equation (12), and the system error model based on the calibration parameters disturbance model is obtained: The spatial circle to be reconstructed is a circle of planar target, and the large one's radius is 10 mm, the small one's radius is 6 mm. The reconstruction experiment is carried out where the placement of the camera relative to the distance of about 500 mm and 1000 mm respectively.
The reconstructed spatial coordinates of the center of the target circles and the coordinates of the points on the left and right images can be obtained. The precision of target fabrication is 20 μm. The distance between points in the designed coordinate system is taken as the true value, and it is compared with the distances between the points reconstructed in the stereo vision system. The actual average reconstruction error is 0.112 mm (500 m distance), 0.425 mm (1000 mm distance), as shown in TABLE Ⅱ.
The parameters such as cameras' internal and external parameters b, calibration parameters disturbance variances, spatial circle's radius r, distance from the camera l, and the corresponding image coordinates are substituted into the system error estimation model (22). The calculated average estimated error is 0.137 mm (500 mm distance), 0.452 mm (1000 mm distance). The difference between theoretical error and the actual error is 0.025 mm and 0.028 mm, which approved the system error model proposed in this paper is credible and can be used to quantitatively calculate the system theoretical error. 
V. CONCLUSIONS
A stereo reconstruction error analysis method for spatial circle is presented. The error estimation model is established through the error analysis in the processes of calibration, matching and reconstruction, and the theoretical expressions are derived. The calibration parameters are introduced to the proposed error estimation model for spatial circle. The experiment results show that our proposed calculation model can estimate the theoretical error with high accuracy. Our proposed method can evaluate any stereo vision system for spatial circle reconstruction and provide the effect factors which can improve the system's accuracy. It has a magnificence for the design of stereo vision system for the objects which have the geometric characteristics like spatial circle.
